
Ergodic Theory and Measured Group Theory
Lecture 11

A growth of a finitely - generated group i is defined as follows :

fix a finite generating sit 5 I for each n EIN
,

let rfu) :=

1 But
,
here Bin is the ball of radius n centered at the

identity in Cagli, s) . This is asymptotically well-defined

hearse for a different generating set s
'

,
r
,
a- Olrsilal)

.

I rank 01914) .

Eagles . For Id
,
rlu) := nd .

For Ed
,
r (a) := 2d . (2d -1)

""

,
so exponential .

Prop . Groups of swhexponential growth are amenable
.

Proof . Exercise .

But there are amenable
groups of exponential growth, e.g .

the

lamplighter group .

Noname- able groups .
The canonical example is Ez . Why ? Bene
it's paradoxical ,

i. e. there are to disjoint copies



172 .

IF
,

11=2
ÑZ

of IF
,

inside IF
,
I each of these copies is a

a
B

piecewise translate of 11=2
.
let A := la] Ula"]

,

B := (b) 4lb"] .

B
a-1 . [a) = lay

'

so A :-[a) Ula" ]

t da
" tt IT

iii.= la
"

]
'

" la")
A
-

-

1
A

similarly ,
B:= (b) 4lb"] I

-

E- 1b¥]cu[by .
-

l
-

l

thus
,
if there was an invariant prob . B

measure t on 1Er
,
then ✗ (A) = ✗ (11--2)--1

I 1431 -_ 1
,

so 171-11
.

Nlf . For a

group P
,

subsets A. BET are called finitely- guide -

compossible ( or just eguideconposiblel if 7 finite partitions A-A.LI . . .UA,
I D= Bill Bill

. . .LI Bu i.
1-
.
each Di is a translate at Ai

,

i. e. Bi = Ji Ai her son Ji EP . A decomposition F- AUB

is called paradoxical if A al B are both eguideconposibk
with T

.



technically , we didn't show tht 115 admits a paradoxical
dlwpoition best AUB = IF

, 1413
,
but one can take A -_ {a)HEAD

,

B := B , H Ba
,
here B , :=lb]U b-

•

,
132=1531 b-•

,
b-
•

:-/ b-" neat
Then easy

to see tht B is still guided-possible with 115 :

b-
'
. Bill 1-Bz = 11=2 . Hence IF

,
= All B is a paradoxicaldecomposition

.

It's obvious from the invariant prob. measure
definition ) that if a group admits a

paradoxical decomposition then it's uonaunabb
.

Theorem (Tarski) . A
group is wuauenable if ad only if it admits

a paradoxical decomposition .

Recall tht amenability is closed under subgroups , so if Fa ↳ P ,

then P is non amenable .

Von Neumann - Day Problem 11957 paper of Day) . Is it true kt a group
M is now amenable <⇒ IF

,
Csi ?



Tits alternative : True for linear groups , like Gluth : either

sch a
group is virtually solvable (hence
amenable) of IF

> Cs iit .

Otshauski 119801
. No ! He constructed a Tarski monster

that is uonaunakk but Facts .
called Franken steic group

Monod 12013)
.
Easier growpthl descriptive sit theoretic

proof through actions
.

Going back to ergodic theorems : we said tht what makes

the proof of ergodic theorems work is the Folker property at
the

sequence (E) of finite subsets at the gap P along
which the averages are taken . So our proofs fail for

unnameable
groups . Turns out

not just the proofs . . .

Excpleltao 2015) . The pointwise ergodic theorem ( for d) along
Bzinlfz the balls fails for some pup action of 11=2

.

• i.
÷
: . In fact

,
770 I - function lit . averages

* • ÷: : .•

F . along the spheres are unbounded (hence also
• I
:-.
! • along balls here a sphere is 7£ ball ) .



To still get an ergodic theorem
,
we artificially make the

boundary of balls shall by assigning weights to elements of IF
,

so hit each sphere get total weight 1 . For eagle ,
the assignat trough the syu-et.ie now backtracking rando-

walk : M Lwow, . . . Wu) := 4 ! 3 " for
any

reduced word www.EIE.
s

Grigorhuh 1988
,
Nevo 1994

.
let Ms be the symmetric assignment

of weights on 11=2 . For
any pup action aoflfz

on a st
. prob . Space (✗ it) , for any f c- Ilk,M,

him miweighted average off over Bix
= Elf / Ba)

.↳a Msl Bn)

11

I f- (r- x) . Mstr)him
a-a

rein
=
tin tilaverageoffoversi
h↳q

h-111:-O

h -11

where Si is the sphere of rations i.

What about other kinds of assignments of weight on IF> tht

still give each sphere a total weight 1
.

Such a class of

assignments i , given by Markov Chains .



Def 1in elementary terms . A Markov chain with a state
space S

Ifor us a ctbl set is an assignment of weights ou s
""

:= the set of all finite words in 5
, siren by

Mlw .
w

, . . . Wu) := IT two) - Plwo
,
w ,) - Plw, ,

wz) . . . Plum ,wu)
,

where IT is a probability vector
,
i. e. IT :S → 10,17s.tl

thinking of IT as a row vector at 1 as a column vector

constant 1)
,

IT-1=1
,
i. e. (Fyi, / "yñz) - µ;) = 1 .

And P : 5×5 → 10,17 at . ech row adds up to 1
.

Eagle . 5 : -- la
,
a- 1
,
b
,
b " } .°

ii.¥a e
0

t a 1- S IT := 15 , t.it , E) initialdistribute
a a-' b b

" tiou

¥i"¥ Iss; a " hi
'

o P := :'(
± ° ÷ ) transition

by, matrix


